We use the Schwinger-Dyson equations as a starting point to derive renormalization flow equations. We show that Katanin's scheme arises as a simple truncation of these equations. We then give the full renormalization group equations up to third order in the irreducible vertex. Furthermore, we show that to the fifth order, there exists a functional of the self-energy and the irreducible four-point vertex whose saddle point is the solution of Schwinger-Dyson equations.
I. INTRODUCTION
Renormalization group (RG) and Schwinger-Dyson equation (SDE) hierarchies are widely used methods to study the correlation functions of quantum field theories. The SDE are a set of integral equations 1,2 obtained, e.g., by integration by parts in the functional integral representation. The RG approach (for reviews, see e.g. Refs. [3] [4] [5] starts by introducing a scale parameter and a modification of the theory that regularizes, i.e. smoothes out singularities, in the propagator. This regularizing effect (often corresponding to a localization in position space) is the main reason for the good mathematical properties of RG equations. The RG equation is a functional differential equation which becomes a hierarchy of equations in the usual expansion in the fields. Instead of a self-consistency, it describes a flow. It is a natural idea to use such flow equations also to solve self-consistency equations, as an alternative to iterative solutions. Moreover, it is useful to make the relation between the two as explicit as possible. In the first part of this paper, we formulate RG equations based on the SDE hierarchy, and then we relate Katanin's truncation 6 of the RG hierarchy for the one-particle irreducible vertex functions to a particular truncation of the RG derived from the SDE. We then also exhibit the higher-order terms in the SDE-RG.
The full SDE hierarchy encodes all analytic and combinatorial properties of the vertex functions, and retains the symmetries of the original action. Truncations of this hierarchy usually violate Ward identities and conservation laws. In the RG approach, the same problem arises, but in addition, the regularization may violate some symmetries explicitly, so that the restoration of Ward identities in the limit where the regulator is removed requires proof. The most important example of this are theories with local gauge symmetries, e.g. QED 7, 8 . A general theory of conserving approximations was developed by Baym and Kadanoff 9,10 in the context of many-body theory, and later also used in high-energy quantum field theory.
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The essential feature there is the Luttinger-Ward (LW) functional, which expresses the grand canonical potential as a function of the bare vertex and the full propagator of the theory. The field equations are obtained by a stationarity condition as the propagator is varied. Similar constructions using the self-energy as the variational parameter instead of the propagator were introduced by Potthoff.
12,13 It is a natural question whether there is a scale-dependent variant of this functional, in which both the full scale-dependent propagator and the effective twoparticle vertex (instead of the bare one) appear. By iteration of the RG equations in their integral form, such an equation can be generated as an expansion in powers of the effective two-particle vertex (in a procedure generalizing the derivations in Ref. 14) . If generated this way, the expansion, however, involves integrals over intermediate scales, similarly to the Brydges-Kennedy formula 15 , which provides an explicit solution to Polchinski's equation. Another generalization of the LW functional was given by the Lund group where the bare interaction is replaced by the screened interaction using the BetheSalpeter equation. The resulting functional is variational in both parameters. 16, 17 In Section IV we derive from the SDE equations a functional of the self-energy and the irreducible four-point vertex, which is local in the RG flow parameter, at least up to the fifth order in the effective vertex. The stationary points of this functional satisfy the SDE.
II. SCHWINGER-DYSON EQUATIONS AND RENORMALIZATION GROUP
Consider a lattice fermion system described by Grassmann fields ψ, ψ and the action
where C is the propagator of the non-interacting system and V is a two body interaction of the general form
In applications, the labels x are often composed of several variables, in momentum space with a single particle basis one has x = (k 0 , k, σ), where k 0 is the Matsubara frequency, k the is the momentum and σ denotes the spin orientation. Depending on the representation there might be prefactors like volume or temperature which are not shown here. v is antisymmetric under independent exchange of its first two and last two arguments. The bilinear form (f, g) is defined as the sum x f (x)g(x). The generating functional of the connected Green functions is given by
where dµ C := N x dψ x dψ x e (ψ,C −1 ψ) , with a normalization constant N . The connected m-particle Green function is obtained from the generator G by differentiating with respect to the sources η, η and evaluating for vanishing sources:
Here · · · c stands for the connected average of the expression between the brackets. The effective action is the Legendre transform of
with ψ = − ∂G ∂η and ψ = ∂G ∂η . It generates the one-particle irreducible (1PI) Green functions Γ
every correlation function obeys a Schwinger-Dyson equation
The correlation function on the right hand side is in general disconnected, but can be expressed by standard cumulant formulas in terms of the connected Green functions, which are in turn given by a standard expansion in trees that have the full propagator G := G (2) associated to lines and the 1PI vertex functions to the vertices . For m = 1, eq. (7) gives an equation for G.
After a rewriting in terms of the self-energy
The SD equation for m = 2 gives the 4-point vertex (2-particle vertex) as
where
to their totally antisymmetric part
The second term in eq. (11) cancels a contribution from the first term which would otherwise lead to a reducible diagram in eq. (10) . In a graphical representation where a vertex f is depicted by
and where heavy lines represent propagators G,
eq. (10) takes the form shown in Fig. 1 .
If C = C Λ depends on a parameter Λ, the SD equations (9) and (10) determine Λ-dependent self-energies Σ Λ and two-particle vertices Γ (4) Λ , etc. We assume that C depends differentiably on Λ and that the bare interaction V remains independent of Λ. Following the standard convention in fRG studies of condensed-matter systems, we arrange things such that for some value Λ 0 of Λ (the "starting scale"), the vertex functions are given by the bare ones, and the full correlation functions are recovered as Λ → 0. Moreover, we assume that Λ is introduced in a way that has a regularizing effect, so that Σ Λ and Γ (2m) Λ are differentiable functions of Λ as well and derivatives with respect to Λ can be exchanged with the summations occurring in the SDE. Note that this is an assumption on the solution of the hierarchy, which will in general contain singular functions in the limit Λ → 0, hence checking it is important and nontrivial. However, for the standard momentum space cutoff RG, it has been proved, 18, 19 and this proof extends to any RG flow that imposes a sufficient regularization on C, in particular the temperature RG flow 20 , flows with a frequency cutoff or the Ω-regularization. 21 Thus the assumption is satisfied in a large class of flows, for which the SDE hold at every scale Λ.
Our above choice to make C, but not V , depend on Λ is natural here because we want to draw a connection between SDE and standard RG flows. One can think of many other useful ways in which a parameter Λ could be introduced in the SDE, also in the interaction (or only there). A natural way to check the differentiability assumption is then to truncate the SDE hierarchy at successive levels, and within each truncation verify the differentiability conditions by analysis of the right-hand side of the flow equation.
The derivative of eq. (10) with respect to Λ (denoted here by a dot) then gives rise to terms on the right hand side where only propagators are differentiated, and ones whereΓ (4) Λ appears. For instance, the derivative of the particle-particle term
It is possible to eliminate v andΓ (4) from the right hand side of eq. (16) 
A similar procedure applied to eq. (9) giveṡ
Eqs. (18) and (17) are the renormalization equations in the Katanin scheme 6 . In the first term in (18), v could be replaced by Γ (4) up to orders (Γ (4) ) 2 , but as it stands, this term can be directly integrated, hence combined naturally with the resummation of the four-point function implied by keeping only one of the three terms in (17) . This is at the basis of recovering selfconsistent ladder summations.
6,14 BecauseĠ = GΣG + S, where S is the single-scale propagator appearing in the standard RG equations for the irreducible vertex functions, 4,5 we see that by substituting for v in (18) by reinserting the SDE for Γ (4) , the standard 1PI equation for the self-energẏ
is obtained when terms of third and higher order in Γ (4) are dropped. Within the 1PI RG hierarchy, (19) has no additional terms of higher order in Γ (4) .
III. HIGHER ORDER CONTRIBUTIONS TO THE SELF-CONSISTENT FLOW EQUATIONS
Higher order contributions can be computed in a similar way by taking into account the higher order terms in the SD equations.
The six-point vertex in eq. (10) can itself be expressed in terms of the interaction v, the four-point, the six-point and the eight-point vertices. At lowest order one obtains from eq. (7) (10) is given in (a), (b) represents eq. (11) and (c) corresponds to eq. (20) .
process of resubstitutingΓ (4) when it appears on the right hand side mixes and proliferates the terms. The fourth order corrections are too long to be presented here. Up to third order, the flow equation is given bẏ Γ x1,x2;x3,x4 = S x1,x2;x3,x4 z1···z4 Γ x1,x2;z1,z2 Γ z3,z4;x3,x4Ġz1,z3 G z2,z4 − 4 z1···z4 Γ z1,x1;x3,z2 Γ x2,z3;z4,x4Ġz4,z1 G z2,z3 + 4 z1···z8 Γ z1,x1;x3,z2 Γ z3,x2;z4,z5 Γ z6,z7;z8,x4 G z8,z1 G z2,z3 G z4,z6Ġz5,z7 + 8 z1···z8 Γ z1,x1;x3,z2 Γ z3,x2;z4,z5 Γ z6,z7;z8,x4 G z4,z1 G z2,z6 G z8,z3Ġz5,z7 + 8 z1···z8 Γ z1,x1;x3,z2 Γ z3,x2;z4,z5 Γ z6,z7;z8,x4 G z4,z1 G z2,z6Ġz8,z3 G z5,z7 + 2 z1···z8 Γ x1,z1;z2,z3 Γ z4,x2;z5,z6 Γ z7,z8;x3,x4Ġz6,z1 G z2,z4 G z3,z8 G z5,z7 − 4 z1···z8 Γ x1,z1;z2,x3 Γ x2,z3;z4,x4 Γ z5,z6;z7,z8 G z7,z1Ġz2,z5 G z8,z3 G z4,z6 − 4 z1···z8 Γ x1,z1;z2,x3 Γ x2,z3;z4,x4 Γ z5,z6;z7,z8Ġz7,z1 G z2,z5 G z8,z3 G z4,z6 + 2 z1···z8 Γ x2,x1;z1,z2 Γ z3,z4;x3,z5 Γ z6,z7;z8,x4 G z1,z4 G z2,z6 G z8,z3Ġz5,z7 .
(27)
The first term remains unaffected by antisymmetrization operator and is the same as in eq. (17) . The result can in principle be extended to any order, tough the computational effort grows rapidly.
IV. A STATIONARY POINT FORMULATION OF THE SCHWINGER-DYSON EQUATIONS
We return to Eq. (25), set Γ (4) − v = Θ and study Θ := Θ(G, Γ (4) ) as a functional depending on Γ (4) and G. For the solution of the SDE, G itself depends on C and Σ, so that the equations for G and Γ (4) are really coupled, but we now consider Γ (4) and G as two independent variables. To avoid confusion, the solutions of the SDE will be hatted from now on, i.e. denoted asĜ andΓ (4) . The functional Θ can be written as a gradient with respect to Γ (4) . The integrability of Θ is a nontrivial property and rather interesting. It allows us to formulate the Schwinger-Dyson equations in term of a stationary point problem as will be shown below.
For a four-point functions f define C as the operations
which consists of closing the diagram and results in a scalar. Then the SD eq. (25) is equivalent to
) = 0 with
The factor 1/4 in eq. (29) is the same as the 1/4 hidden in the definition of the antisymmetrization operator in eq. (25). The stationary point of F 1 (Ĝ, Γ (4) ) is already a solution of the Schwinger-Dyson eq. (25). In the next step we want to use F 1 to define a new functional F (Σ, Γ (4) ) whose stationary point is a solution of both eqs. (25) and (9) . Considering G as a function of the self energy Σ (since G = (C −1 −Σ) −1 ), and letΓ (4) (G) denote a solution of the equation 
The right hand side looks very similar to the last term of Eq. (8). If we define F 2 as + ln (det G) ,
and add this Γ (4) -independent term to F 1 , the stationary point of
with respect to Σ for some given Γ (4) is a solution of eq. (9) .
Since F 2 is independent of Γ (4) we conclude that the solution of Schwinger-Dyson equations (9) and (25) 
The schematic representation of F is shown in Figure 2 . 
ACKNOWLEDGMENTS
This work was supported by DFG via the research group FOR 723.
